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Mixed model for temperature structure functions in fully developed turbulence
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A mixed model for temperature structure functions in fully developed turbulent shear flows is constructed on
the assumptions that the statistics of the energy dissipation ratee is log-Poisson and the temperature dissipation
rateN can be described by theb model. The temperature structure functions predicted by this mixed model are
in excellent agreement with the experimental data reported in the literature.@S1063-651X~98!08112-4#

PACS number~s!: 47.27.Gs, 47.27.Eq
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According to the Kolmogrov 1941~K41! theory for fully
developed turbulence@1#, there is a universal state in whic
the velocity differencedu across a distancel has a scaling
behavior whenl is in the inertial rangêudu( l )up&; l zp with
zp5p/3. In the K41 theory the energy dissipation ratee was
assumed constant. However, experimental results con
the existence of the intermittency ofe and zp substantially
deviates from the value predicted by the K41 theory at la
values ofp.

Many models have been brought out for the correction
the K41 theory by taking the intermittency into considerati
@2#. It is now believed that in the inertial range the structu
functions of the energy dissipation ratee also follow a scal-
ing law, i.e., ^ue( l )up&; l tp. According to Kolmogrov’s re-
fined similarity hypothesis,e;du3/ l and thendu;( l e)1/3,
(du)p;ep/3l p/3, and zp5p/31tp/3 . The validity of the in-
termittency models can be checked through a compariso
the scaling exponents with experimental results.

A quantized energy cascade model recently proposed
She and Leveque leads to a prediction ofzp in excellent
agreement with experiment results@3#. She and Waymire@4#
and Dubrulle@5# independently observed that the model c
responds to a log-Poisson distribution. In this model,
cascade multiplicative factorWl 1l 2

for any arbitrary pair of

length scalel 1 ,l 2 can be expressed as@5#

Wl 1l 2
5~ l 1 / l 2!2/3~ 2

3 !X, ~1!

whereX obeys Poisson law

P~X5m!5exp@2 ln~ l 1 / l 2!2# lnm~ l 1 / l 2!2/m! ~2!

The scaling exponents of the structure functions of the
ergy dissipation rate and the velocity predicted by this mo
are @3,5#

tp522p/312@12~ 2
3 !p#, ~3!

zp5p/912@12~ 2
3 !p/3#. ~4!

Comparisons of this model with experimental results w
given by She and Waymire@4# and Frisch@2#. This model
not only agrees excellently with experimental results,
also bases itself on firm physical arguments and has no
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justable parameters like in other models, which either h
no physical meaning or cannot be determined by plaus
physical arguments.

Like velocity in the K41 theory, the temperature in a ful
developed turbulence was also analyzed in an analog
manner by Obuhov@1#. Similarly, the structure functions o
the temperature differencedu across a distancel are assumed
to have a scaling behavior whenl is in the inertial range
^udu( l )up&; l ap. According to Kolmogrov’s refined similar-
ity hypothesisN;dudu2/ l , we have

~du!p;Np/2e2p/6l p/3. ~5!

If e and N are constants we haveap5p/3. As expected,
experimental results show thatap greatly deviates fromp/3.

There are also some models that have been introduce
solve the problem, for example, theb model @6#, the joint
log-normal model fore and N @7#, and the cascade mode
with the temperature variance following an exponential d
tribution @8#. Unlike the situation for the velocity, howeve

FIG. 1. Comparison of scaling exponents for temperature
velocity structure functions. Experiments:d, ap @8#, m, zp @9#.
Models: , zp ~SL model!; , ap ~mixed model proposed
in this paper!.
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none of these models predicts scaling exponents agre
well with experimental results, especially for large values
p.

Experiments show that the dissipation field of passive s
lars in turbulence is also intermittent@9#. Taking the inter-
mittency of bothe and N into consideration and assumin
that N also follows a scaling law in the inertial rang
^uN( l )up&; l hp, we have immediately from Eq.~5! that the
scaling exponentsap of temperature structure functions d
pend on the scaling properties of bothe andN,

ap5p/31hp/21t2p/6 . ~6!

It is straightforward to adopt the log-Poisson model
thee exponentt2p/6 . The problem arises for theN exponent
hp/2 . If we assume the same scaling behavior ofN ase, then
we haveap5zp . Experimental results show that there is
great discrepancy between these two exponents. This m
that the scaling behavior ofN is obviously different from that
of e. As e andN relate to different physical processes, it
difficult to make similar arguments. Here we do not carry o
work on the difference betweene andN.

Let us just recall that theb model has a clear physica
cascade picture and a rather long history@2#. It is worth
trying this model for the description ofN. According to this
model, the cascade multiplicative factorWl 1l 2

for successive

pair of length scalel 152l 2 can be expressed as

Wl 1l 2
5 H0 with probability 12b

1/b with probability b ~7!

whereb522(32D)522m andD is the self-similarity dimen-
ing
f
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sion. The scaling exponentshp of the structure functions o
the temperature dissipation rateN predicted by this mode
are @6#

hp5m~12p!, ~8!

wherem is widely used to characterize the intermittency co
rection to the K41 theory. Experimental measurements giv
value between 0.2 and 0.25. We choosem52/9 according to
the results of She and Leveque@3#. Thus we have

ap5p/31 2
9 22@~ 3

2 !p/621#. ~9!

A comparison of the predictions ofap by Eq.~9! ~dashed
line in Fig. 1 with the labelb1 log-Poisson! with the experi-
mental results of Antoniaet al. @7# up to an order of 12 for
Rl5850 is given in Fig. 1. It can be seen clearly that t
model predictions are in excellent agreement with exp
mental results. It should be noted that direct numerical sim
lation results are in good agreement with experimental d
@10#. In the figure a comparison is also given for the veloc
exponentzp predicted by Eq.~2! with the experimental re-
sults of Anselmetet al. @11# up to an order of 18 forRl

5852.
We note that although in the range of experimental d

the agreement is excellent, just beyond this range the ex
nent ap begins to decrease with increasing orderp. While
there is no experimental evidence of this decreasing
dency for bothzp andap , all other models also show a rapi
decrease ofap with p at not very large values ofp. Confor-
mity of this tendency requires further experimental measu
ments.
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